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Orbital Forms of Gap Equations and
Instability Conditions

Jean-Louis Calais*

Quantum Chemistry Group, University of Uppsala, Box 518, §-751 20 Uppsala, Sweden

Previously derived forms of instability conditions at the spin orbital level are
specialized to orbital levels of different kinds. Similarly the special forms of
the gap equation that are obtained for different types of broken symmetry
solutions are analyzed and discussed.
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1. Introduction

Correlation in electronic systems is usually associated with ‘“anything going
beyond Hartree-Fock’’. The term ‘“Hartree-Fock” then normally means restric-
ted Hartree-Fock (RHF) and the most common restriction is that two electrons
with different spins are associated with the same orbital. The term unrestricted
Hartree-Fock (UHF) is often used for a situation where that particular restriction
of doubly filled orbitals is removed. There are also other restrictions however.
Even in UHF the spin orbitals are normally simple products of an orbital and
aspin function, and in practice the orbitals are often restricted to be real functions.

A method in which the total wave function is approximated by a single deter-
minant built up of general spin orbitals (GSO),

Ui (x) = dra(r)a () + dua(r)B (L),

where the orbital components ¢,1 and ¢r» can be complex, might be called the
general Hartree-Fock method (GHF). In contrast to the symmetry restricted
RHEF spin orbitals those occurring in the GHF (UHF) procedure are of so-called
broken symmetry type. That expression does not imply, however, that they have
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no symmetry at all. Even in such cases the effective one electron operator usually
commutes with certain symmetry operations and the spin orbitals transform
according to one of the irreducible representation or co-representations of the
corresponding group. That group is then a subgroup of the full group of the
basic many electron Hamiltonian, and the GHF spin orbitals in general have a
lower symmetry than the RHF spin orbitals.

A systematic way of classifying different types of GHF solutions has been
developed by Fukutome [1]. Irrespective of any spatial symmetries the total
Hamiltonian commutes with all spin rotations and time reversal. If the effective
one electron Hamiltonian #.g, also commutes with all these operations we have
the RHF case. If on the other hand #.;z only commutes with the elements of a
subgroup, we have one of the broken symmetry cases. Including the trivial
subgroups there are eight such inequivalent subgroups and every GHF solution
must therefore “belong” to one of the corresponding eight classes.

The association of a- GHF solution to such a class means therefore that the
corresponding spin orbitals transform according to the irreducible representa-
tions or co-representations of the subgroup in question. The properties of such
a set of spin orbitals are best described with reference to their Fock-Dirac matrix.
The orbital components of that matrix-—the number density matrix and the spin
density vector—can be real or complex. The spin density matrix vector can have
one or more vanishing components, and its direction can be fixed in space or
vary with position.

An extension of this scheme to include also spatial point group symmetry has
been developed by Ozaki and Fukutome [2]. An algorithm for obtaining all
double valued irreducible (co-) representations for the corresponding groups has
been constructed by Ozaki [3].

The transition from a class of GHF solutions characterized by a certain subgroup
to one with a smaller group is associated with an instability. From the point of
view of the variational principle this means that the extremum obtained with
spin orbitals of the higher symmetry is unstable with respect to variations leading
to the particular kind of lower symmetry. Thouless [4] seems to have been the
first one to formulate explicit stability conditions for Hartree—Fock functions.
In quantum chemistry the names Cizek-Paldus [5] and Fukutome [6] mark
important developments in this area. A slightly different formulation of the
problem has been given recently [7]; in this paper we also give a relatively
extensive list of papers in this field by the previously mentioned authors and
their collaborators. The conditions for instability are associated with the appear-
ance of negative eigenvalues of a certain matrix, and the corresponding eigen-
vectors give information as to where in function space one should look for the
broken symmetry solutions.

In order to find explicit broken symmetry solutions we have to go beyond the
instability conditions, however. An interesting procedure for doing that, which
has proved powerful in many applications, is by means of so-called pairing [8].
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Each spin orbital of higher symmetry (normally the RHF spin orbitals) is paired
with a spin orbital from the orthogonal complement of the occupied higher
symmetry spin orbitals. This procedure constitutes a natural extension of the
way the instability conditions are formulated in Ref. 7. The strength of this
pairing is determined by the variational principle, and the resulting conditions
can be formulated as an integral equation for a “gap function” - the gap equation
(8], [9]. The gap equation has been solved explicitly for a few model systems
[10]-[13]. The results are encouraging and there are reasons to believe that this
method will provide an efficient and explicit way of taking at least certain kinds
of correlation in large systems into account.

Both the instability conditions and the gap equation are primarily formulated
at a general spin orbital level. Fukutome’s classification makes it possible to
distinguish eight different cases. A derivation of the form of the corresponding
pairs of spin orbitals has recently been given [14]. In order to proceed further
we need to go from the spin orbital to the orbital level. This will mean a
specialization of the concepts of singlet and non-singlet instability [51-{7].

The purpose of the present paper is to derive orbital forms of instability conditions
and gap equations. We will do this in a few typical cases which can be expected
to be the most useful ones. At the same time this will illustrate the general
method which can be applied in other cases as well.

2. Orbital Forms of Instability Conditions

Our starting point is the formulation of the stability problem presented in
Ref. 7. A variationally defined extremum with a single determinant total wave
function is unstable if the matrix

(?_[911%1 _%24-552]
912+%2 911‘%1 ’

has at least one negative eigenvalue. The size of this matrix is (2N) X (2N),
where N is the number of electrons in the system considered. The N X N matrices
A; and B; are real. A, and B, are the real and Ay, B, the imaginary parts of
the matrices

~

®

?I=?11+l'912; %=%1+i%2, (2)
defined by
A =(D¢|Q|Dy);
(3)
By, =(Dy|Q|D).

Here D is the reference determinant associated with the extremum point that
is investigated, and Dy, Dy, denote determinants which are singly and doubly
“excited” with respect to this reference determinant, respectively. The operator
Qs

O = % —E * 19 (4)
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where ¢ is the total Hamiltonian of the system and E its expectation value with
respect to D. Explicit expressions for the matrix elements of U and B in terms
of the spin orbitals used are given in Ref. 7.

For spin orbitals we use a spinor notation,
Ui (x) = dr1(r)a () + ¢ua(r)B(E)

~@8)(%"

¢k2) = (a’ B)(I)/c (5)

and we will normally write out only the orbital components ®;. These are in
general complex. Similarly we will work with the orbital form £ of the Fock-
Dirac density matrix,

o=t = @8)2( g) | (6)

The 2 %2 matrix £ can be expressed in terms of the number density matrix N
and the spin density matrix vector §,

Q=iN-1+c- 8 (7)

The vector o has the Pauli matrices as components.

The fundamental quantity for stability analyses is the second variation, 8’E, of
the total energy, that is obtained when the spin orbitals ¢, of the reference
determinant D are replaced by

. . ,
bk =\/—_————_]2(¢k+ck‘1fk)- 8)

1+'Ck

Here ¢ is a function in the orthogonal complement of the set {¢,} that is used
in D and ¢ is an arbitrary complex number. In order to connect different but
related notations we give three forms of 8%E [7],

8°E=1"Tp

N
= X {CfAlel'*‘%[C:kkBklcik+CkB;clejl]}
kiI=1

=I [F()8>N(1, 1)+2G(1) - 628(1, 1)] do )

2
J 68(1,2) 852, 1) ,
_ o,

r12

1 [ 8N(1,2)5N(2, 1
1IsN(1,1)5N(2,2)dvldvz_ZI L2NRD) o

iz Fi2

dUz.
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Here d; are the real and imaginary components of ¢, = ay +ib;, obtained by
doubling the size of the column vector ¢:

c=a+ib; b=[§]. (10)

The operators F(1) and G(1) are the orbital forms of the effective one electron
Hartree—Fock operator associated with the reference determinant D,

NQ2,2) 1J‘ P1LN(2,2)
—5 | o2,

Iz

F(1)= h1+J dv,

ria
G(1)= _J dv, E&gr(_zi) (11)
12

The arguments of N and § in (10) and (11) have been abbreviated so that 1
stands for ry, etc.

Then we need the general form of the spin orbitals in the eight Fukutome classes.
We sum up what has been obtained elsewhere [1], [14] by showing for each
class the set of occupied spinors. We thus write

Ill“):[lpla 11[/25 L) wN]= (a’ B)|(I)>)

b11, G215 00 Prer, - ¢N1]

|®)=[D,, D,, ... Px]= [¢12, b2, ... Pr2y . o ON2

(12)

2.1. T(ime) (reversal) I(nvariant) C(losed) S{(hells)

l‘I)>= [ul, O, Uus, O, o UN/2s 0],

O, Ui, 0, Uy o oo 0, Uny2 (13)

the orbitals u;(r) are real.

2.2. C(harge) C(urrent) W(aves)

Same as for TICS but with complex orbitals u;(r).

2.3. A(xial) S(pin) C(urrent) W{aves)

&=| (14)

u1, 0,uz,0,... uns2, 0,]
% % .
O, u1,0, Uz, .. .0, u;{:]/z

2.4. A(xial) S(pin) D (ensity) W(aves)

‘(I)>=|:U1’0’u2’0"“uN/z’O]; (15)

0, Vs, O, Uy O, UNy2

the orbitals u;(r) and v;(r) are real.
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2.5. A(xial) S(pin) W(aves)

Same as (15) but with complex orbitals u; and v,

2.6. T(orsional) S(pin) C(urrent) W{aves)

_ Uy, Wi, Uz, Wa, ... UNy2, WNY2
]d)>_[ * ’ * ’ :k :k ’* * ] (16)
Wi, U, —W2, Uz, ... “WNy2, UN/2
2.7. T(orsional) S(pin) D(ensity) W{(aves)
Uy, Wi, U, W, .. U w
|q)>=[ 1, W1, Uz, Wa, N/2s N/2]_ a7
tls U1, t2’ U2y .. tN/Z, UN/2

the orbitals w;(r), t;(r), w;(r), and v;(r) are real.

2.8. T(orsional) S(pin) Waves)
Same as (17) but with complex orbitals.

When we know that the spin orbitals in D belong to one of these classes and
want to study the possibility of an instability towards another class, it is in most
cases possible to simplify the second variation (9) so as to reduce the size of the
matrix (1). If we go from TICS to TICS or to ASDW, from ASDW to ASDW
or to TSDW, or from TSDW to TSDW, all orbitals remain real. In such a case
we have

82E=b+fb=(60)f§( o ) — G, +B))a, (18)

and we only have to find the eigenvalues of the NX N matrix %; + ;. A similar
reduction is obtained if we require all spin orbitals ¢ and ¢, in (8) to be real,
but use purely imaginary coefficients ¢;. Then

6°E=p"To= (os)z(g) = (2, —B,)b. (19)

This type of reduction is obtained when we go from TICS to CCW or ASW to
ASDW to ASW or from TSDW to TSW.

This is still at the spin orbital level. To acheive further reductions we go over
to the orbital form of the instability conditions in a few illustrative cases. In the
formulation of the problem that is used here different cases are obtained from
different choices of the varied functions, i.e. the ¢ and their coefficients ¢ in (8).

If we start out from a reference determinant with doubly filled orbitals, i.e. of
TICS or CCW type, it seems natural to choose the coefficients in pairs such that

N

T (20)

-~ . I_—
Cok'—1 = Cap' = Cpr; k'=1,2,...
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Then the second variation can be written

N/2
sk X = L l=%3 =%, = D% =
8E= Y [eFAwrer+XCEBeict +aeBirén)], (21)
K I=1
with
App= Asr—1or-1t Aok + Ao pr-1+ Acie ars (22)

and B, defined in a similar way. We now have to find the eigenvalues of a
complex (N/2)x(N/2) matrix. By means of the procedure used in Ref. 7 that
problem can be reformulated in terms of a real N X N matrix

8°E=%"3b; (23a)

sz(g); ¢=a+ib; (23b)

o [Ui+By —%—[24‘%2]

8 [9_124‘%2 A —B I (23¢)
Cases with real orbitals then reduce to (N/2) x (N/2) problems like

8°E =a(W,+B,)q, (24)

in analogy to (18), whereas with real orbitals but purely imaginary coefficients
¢ are reduced like (19):

8°E =BT, - B,)b. (25)
Particular cases of (23), (24) and (25) are obtained by specifying reference spin
orbitals ¢, and varied spin orbitals ¢ [8] according to (13)~(17). Then the spin
integration can be carried out explicitly in the matrix elements Ay, and By The

result is an orbital form of the instability problem which is valid for the particular
pair of classes chosen.

The type of reduction of the instability problem that is illustrated by the choice
(20) is just one example. The combination of the formulation of the instability
problem used in Ref. 7 and the particular forms of the spin orbitals (13)—~(17)
leads in each specific case to certain simplifications. Within the resulting form
of 6 obtained in that way we can then exploit the remaining degrees of freedom.

3. Orbital Forms of Gap Equations

We start out from the general derivation of a gap equation given in Ref. 8. For
that purpose we modify the notations slightly as compared to those of the
previous section.

The basic idea is to construct GHF spin orbitals of a more general kind than
those used in RHF, by pairing occupied and virtual RHF spin orbitals:

d’;l« =Y, + 0,

26
us+oi=1. (26)
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The coefficients u, and v, are chosen real but the relative phases of ¢, and ¢,
are included in the definition of ¢,. For a given choice of virtual spin orbitals
i, the strength of the pairing is determined by minimizing the expectatlon value
of the determinant

. 1 ’
D =ﬁdet {¢u}a 27

with respect to the coefficients u, (or v,). The N conditions obtained in that
way can be combined in an equation for the gap function

A== Hea (Do, (r, x1) i 28)
Here

0 (%, X)) =, (O E () + . ()P E (), (29)
and #.x is the effective one electron operator associated with (27)

. 1 —P ! , ’
Ha(l)=h +j dx» ( Hi" (x2 "2); (30a)
12
Al *
p'(x, x")= Zl du(x)py (x). (30b)
P

The extremum conditions can be written as

v 1)‘—“)‘2 Ao GY
o

ey =
where

e, = j L (D)7 (21, x4) s

_ _ (32)
T (%, X)) = G, (O (X} =t )k (x),

and
w= ui - vi. (33)
The gap equation is obtained by combining (28), (29), (30), (31), (32), and (33):

1 (1—=Py)o.(x1, x1)
_Egjdxl de 12r1;t. 1 1
Uu(xZ’ xz)A [ €, :I}
X ————————+ (X2, X e ———2 R (34)
{ Jetrar N A

Since the quantities e,, (32), can be written in a form similar to (34) we have
in general two coupled equations for A and e. We can normally expect ¢, to be
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a more important component in ¢/, than ¢,. Writing
u,=cos f,;  v,=siné,, (35)

we therefore choose

059“572’, (36)
so that
—=uy, =1,
\/5 M
(37)
O=<p, <=—.
G)

The quantities ¢, and A, then have the same sign and we have
0= Ay < 00, (38)
€u

We introduce the notations

1
Juo = J dxy dx; . (1=Pp)o.(x1, x1)a.(x2, x5);

. (39)
pr = J dxl de T (1 —P12)U',_,_(X1, xll)TV(XZs x,2)9
12
so that the gap Eq. (34) can be written
1 J A e
A - ___ { v =y +K V[l— v ]}. 40
SRR TANF i by 0
We further notice that the general orbital forms of the quantities A, and e, are
8=~ [ BLDD W, (1) doy ~ [ S0P DB, (1) doy, 41)
eu= [ BLOS VB dor— [ SLO O, (1) dos. 42)
Here
S =FQ1)1+0a-G'(1), - (43)

with the form of F' and G’ given by (11) but with the density matrix obtained
from (30b).

An orbital form of the gap equation is obtained when we make specific choices
for the spin orbitals ¢,. Both the set of reference spin orbitals ¢, and the final
set of spin orbitals ¢, should be associated with definite Fukutome classes.
Different pairs of such classes will give rise to specific orbital forms of the gap
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equation. We derive here some of the cases which are obtained when the set of
reference spin orbitals belongs to the TICS class.

This means that

@e(%); w=2k;
b= @4)
(a,B)(;); p=2k+1.

We use the convention N =2(2n-+1),so that -n <k =n.

We first consider the case when the determinant D’ is of either TICS or CCW
type. Then

@8 o) w=2k;
b = 0 45)
(a,B)(_ ); M=2k+1.
U
In this case
9MH=F@1)-1, (46a)
Upp = U2k+1 = Ok, Vok = Uzik+1 = B (46b)
(xeaw + GBr)a = aa; u=2k;
L= _ (46¢)
(xear + @B )B=aB; w=2k+1;
M= Aoy = 8 =2 Re | FEDF (D) dos; (46d)
€2k = €21+1= Yk =J ad (DF (Di(1) do, _J Xe(DF' (D xe(1) dva; (46¢)
and the gap equation reduces to
1 Tuidi Vi
S=—= { +k [1~ _____]} (47)
R W Swr il Row

with
Jir =Jar21 +2k2141
= 2[(kk|IT) + (fke |IT) + (ke | IT) + (ke |1T)]
— (et The) — (& T ) = (el | Tie) — (k TV (48a)
ki = Kzr1 + Kaki41
= 2[(kk|TT) — (kI|il) + (kK| IT) — (kk|ID)]
— (kD Tk) + (kl| k) — (kD) TE) + (K1|IK). (48b)
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Then we consider an ASDW state with ¢, given by (44) but with
i
(a,B)<O); w=2k;

b= (49)
(a, 3)(_?2); w=2k+1,

Then
' 1) =F'(1) 1+0:G5; (50)
Unk = Uzp+1 = Ok} Vak = Uag+1 = B (51a)
+i =aqa; =2k,
, ={(Xkak 1B ) kX5 M (51b)
(xxar — BB =aB; w=2k+1.
The extremum conditions (31) imply with (51a)
A?._Igz Agper1 (52)

b
€2 €2k+1

but in general there is no other connection between A,, and A+, or ez, and
ear+1 separately. As discussed by Berggren and Johansson [15] great care is
needed for handling the phase of the gap function.

In many cases the functions i, are however chosen in such a way that further
simplifications are possible. The non vanishing component of the spin density is
in this case

S3(1, 1) =;[Xz(1)121(1')+ @ (Dxi(1) ] B (53)
By choosing the & in a suitable way one can satisfy the conditions
| %G Wx1) dor = [ @G WD) dor=0; ank, (54)

which with (51) and (42) give

€26 = €241 = Y. (55)
From (52) we then get

Aop = Aogs1 = 8. (56)

If (55) and (56) are satisfied the two spin orbitals a,e and @8 (cf. (51b)) have
the same spin orbital energy with respect to the effective Hamiltonian (50).

With the spin orbitals (51b), the integrals K,,, (39), satisfy

Kowpi=—Koks1,21413 Koraiv1=—"Korr12n (57)
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so that if (54) holds the gap equation reduces to

5. = Z qri b,

—_—, 58
Iy +87 (38)

with
Gt = 32121+ Jore2141)
=3 [(kl|Tk) + (kT Ik) + (k| T + (kT i) (59)

This is the most common form of the gap equation, but we notice that this
particular form holds only under certain conditions.

4. Discussion

The general spin orbital forms of the instability conditions and gap equations,
that were derived in Refs. 7 and 8, respectively have served as starting points
for this paper. Further information about the structure of these expressions
require specialization to definite orbital forms, which must be associated with
one of the eight classes in Fukutome’s classification scheme. These orbital forms
constitute the starting points for actual numerical applications.

We have indicated general procedures for going from spin orbital to orbital
forms. Some specific examples illustrate simplifications which are possible, but
also the delicate connection between the form of the trial functions and the final
equations.

Instability studies can be regarded as a preliminary step for obtaining the final
solutions. The gap equations are normally solved by iteration and starting values
can be obtained from eigenvectors of the ‘“instability matrix” with negative
eigenvalues.

Particularly for extended systems it is very desirable to really exploit the gap
equation in the search for the best possible solutions of GHF type. We hope
that the results presented in this paper will contribute towards that goal.
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